Abstract. Planar functions are special functions from a finite field to itself that give rise to finite projective planes and other combinatorial objects. We consider polynomials over a finite field K that induce planar functions on infinitely many extensions of K; we call such polynomials exceptional planar. Exceptional planar monomials have been recently classified. In this paper we establish a partial classification of exceptional planar polynomials. This includes results for the classical planar functions on finite fields of odd characteristic and for the recently proposed planar functions on finite fields of characteristic two.
Introduction and Results
Let q be a prime power. If q is odd, a function f : F q → F q is a planar function if, for each nonzero ǫ ∈ F q , the function
is a permutation on F q . Such planar functions can be used to construct finite projective planes [6] , relative difference sets [8] , error-correcting codes [2] , and S-boxes in block ciphers [14] . If q is even, a function f : F q → F q cannot satisfy the above definition of planar functions. This is the motivation to define a function f : F q → F q for even q to be almost perfect nonlinear (APN) if (1) is a 2-to-1 map. However, there is no apparent link between APN functions and projective planes. Recently, Zhou [17] defined a natural analogue of planar functions on finite fields of characteristic two: If q is even, a function f : F q → F q is a planar function if, for each nonzero ǫ ∈ F q , the function x → f (x + ǫ) + f (x) + ǫx is a permutation on F q . As shown by Zhou [17] and Schmidt and Zhou [16] , such planar functions have similar properties and applications as their counterparts in odd characteristic.
It is well known that every function from F q r to itself is induced by a polynomial over F q r . In this paper, we study polynomials f ∈ F q [X] that induce planar functions on F q r for infinitely many r; a polynomial f satisfying this property will be called an exceptional planar polynomial. Exceptional planar monomials have been completely classified by Leducq [11] and Zieve [18] odd characteristic and by Müller and Zieve [13] in characteristic two. The aim of this paper is to establish a partial classification of exceptional planar polynomials.
We first discuss the case that q is odd, say q = p n , where p is an odd prime. Two polynomials f, g ∈ F q [X] are extended affine equivalent (EAequivalent) if
for some polynomials A 1 , A 2 , A 3 ∈ F q [X] with the property that every nonconstant term has degree a power of p and such that A 1 and A 2 induce permutations on F q . This equivalence preserves planarity for finite fields of odd characteristic (see [9] for a discussion on equivalences preserving planarity). Up to EA-equivalence, the only known examples of exceptional planar polynomials on finite fields of odd characteristic are:
for some odd positive integer k, where p = 3; (3)
The polynomial (2) is planar on F p r for odd r/ gcd(k, r) [4] , the polynomial (3) is planar on F 3 r for gcd(k, r) = 1 [4] , and the polynomial (4) is planar on F 3 rn for odd r [7] (see also [4] for the case u = −1). As shown in two papers by Leducq [11] and Zieve [18] , up to EA-equivalence, the polynomials (2) and (3) are the only exceptional planar monomials.
Theorem A (Leducq [11] , Zieve [18] ). Let p be an odd prime and let f ∈ F p n [X] be a monic monomial of degree d with p ∤ d. If f is exceptional planar, then either (2) or (3) holds.
A partial classification of exceptional planar polynomials was obtained by Zieve [19] .
Theorem B (Zieve [19] ). Let p be an odd prime and let f ∈ F p n [X] be of degree d. If f is exceptional planar and d ≡ 0, 1 (mod p), then up to EA-equivalence, either f (X) = X 2 or (3) holds.
Theorem B allows us to restrict ourselves to polynomials over F p n whose degrees are congruent to 0 or 1 modulo p. We prove the following result for the case that the degree is congruent to 1 modulo p.
If f is exceptional planar and d ≡ 1 (mod p), then f (X) = X p k +1 + h(X) for some positive integer k, where the degree e of h satisfies e < p k + 1 and either p | e or p | e − 1.
We remark that, except for the trivial case e = 1, no example is known for which p | e − 1 occurs in Theorem 1. A nontrivial example for which p | e occurs in Theorem 1 is (4).
We now turn to finite fields of characteristic two, in which case the only known examples of exceptional planar polynomials are the polynomials in which the degree of every nonconstant term is a power of two (it is trivial to check that such polynomials are exceptional planar). Indeed, Müller and Zieve [13] established the following classification of exceptional planar monomials.
Theorem C (Müller and Zieve [13] 
The case that d is odd in Theorem C was obtained previously by Schmidt and Zhou [16] using different techniques.
We prove the following partial classification of exceptional planar polynomials.
To prove our main results, we use an approach that has been used to classify polynomials in F 2 n [X] that induce APN functions on infinitely many extensions of F 2 n [15] , [1] , [5] , [3] .
Let f ∈ F q [X] and define the polynomial F (X, Y, W ) to be
when q is odd, and
when q is even. It is a direct consequence of the definition of planar functions that, if f induces a planar function on F q r , then all F q r -rational zeros of F satisfy X = Y or W = 0. The strategy is to show that F has an absolutely irreducible factor over F q , since then, for all sufficiently large r, the polynomial F has many F q r -rational zeros by the Lang-Weil bound [10] , so that f cannot be planar on F q r . To do so, we use the key idea of [1] and intersect the projective surface defined by F with a hyperplane and then apply the following result (in which F q denotes the algebraic closure of F q ).
Lemma 3 (Aubry, McGuire, Rodier [1, Lemma 2.1]). Let F and P be projective surfaces in P 3 (F q ) defined over F q . If F ∩ P has a reduced absolutely irreducible component defined over F q , then F has an absolutely irreducible component defined over F q .
We emphasise that the proof of Theorem 1 relies on intermediate results used to prove Theorem A, whereas the proof of Theorem 2 is self-contained, except for the use of the Lang-Weil bound [10] and Lemma 3.
The odd characteristic case
In this section we prove Theorem 1. Let q be an odd prime power, let f ∈ F q [X], and let F (X, Y, W ) be the polynomial defined by (5). It will be more convenient to consider the polynomial F (X, Y, Z − X), namely
Then f induces a planar function on F q r if and only if all F q r -rational zeros of G satisfy X = Y or X = Z.
Lemma 4. Let q be an odd prime power, let f ∈ F q [X] be a polynomial such that f ′ is nonconstant, and let G be defined by (7) . If G has an absolutely irreducible factor over F q , then f is not exceptional planar.
Proof. Suppose that G has an absolutely irreducible factor over F q . Then, by the Lang-Weil bound [10] for the number of rational points in varieties over finite fields, the number of F q r -rational zeros of G is q 2r + O(q 3r/2 ), where the implicit constant depends only on the degree of G. We claim that G is not divisible by X − Y or X − Z. Then G(X, X, Z) and G(X, Y, X) are nonzero polynomials, which have at most q r deg(G) zeros in F q r (see [12, Theorem 6 .13], for example). Hence, for all sufficiently large r, the polynomial G has F q r -rational zeros that do not satisfy X = Y or X = Z, and so f does not induce a planar function on F q r . It remains to prove the above claim. By symmetry, it is enough to show that G is not divisible by X − Y . Suppose for a contradiction that G is divisible by X − Y . Then the partial derivative of the numerator of (7) with respect to Y , namely f ′ (−X + Y + Z) − f ′ (Y ), must be divisible by X − Y . This forces f ′ to be a constant polynomial, a contradiction.
Our main result for finite fields of odd characteristic, Theorem 1, will follow from Propositions 5 and 7, to be stated and proved below. Before we proceed, we introduce some notation that will be used throughout the remainder of this section.
we have
since φ 0 = φ 1 = 0. We shall also work with the homogeneous polynomial
Proposition 5. Let p be an odd prime and let f ∈ F p n [X] be of degree d. If f is exceptional planar and d ≡ 1 (mod p), then d = p k + 1 for some positive integer k.
To prove Proposition 5, we require the following lemma.
Lemma 6. Let p be an odd prime and let f ∈ F p n [X] be of degree d. If f is exceptional planar and p ∤ d, then d is even.
Proof. Suppose for a contradiction that f is exceptional planar and p ∤ d and d is odd. By the definition of a planar function, the degree of f must be at least 2, so that f ′ is not constant. The intersection of G with the hyperplane T = 0 is defined by the polynomial
Therefore Y + Z is a reduced absolutely irreducible component of φ d and hence, by Lemma 3, G (and so also G itself) has an absolutely irreducible factor over F p n . Therefore, by Lemma 4, the polynomial f is not exceptional planar, a contradiction.
We now prove Proposition 5.
Proof of Proposition 5. Suppose that f is exceptional planar and d ≡ 1 (mod p). We show that this is impossible unless d is of the form p k + 1. If d = p i (p i − 1) + 1 for some nonnegative integer i, then d is odd and f is not exceptional planar by Lemma 6, so assume that d is not of this form. In particular, f ′ is not constant. The intersection of G with the hyperplane T = 0 is defined by the polynomial
Since d ≡ 1 (mod p) and d is not of the form p k (p k − 1) + 1, the polynomial
has an absolutely irreducible factor of F p provided that d is not of the form p k + 1, as shown by Leducq [11] . Furthermore, Leducq [11] showed that the number of singular points of φ d (U +W, U, V +W ) is finite. Hence the variety defined by φ d and all of its partial derivatives has dimension 0, which implies that φ d has no multiple component. Therefore φ d has a reduced absolutely irreducible factor over F p and so, by Lemmas 3 and 4, the polynomial f is not exceptional planar, a contradiction.
Proposition 7. Let p be an odd prime and let f ∈ F p n [X] be of the form f (X) = X p k +1 + h(X) for some positive integer k, where the degree e of h satisfies e < p k + 1. If f is exceptional planar, then either p | e or p | e − 1.
In order to prove Proposition 7, we prove two lemmas on the polynomials φ j , defined by (8) .
Lemma 8. Let p be a prime and let φ j ∈ F p [X, Y, Z] be defined by (8) .
(i) We have
(ii) If p ∤ j and p ∤ j − 1, then φ j (X, X, Z) is not divisible X − Z and φ j (X, X, Z) and φ p k +1 (X, X, Z) are coprime.
Proof. We may write
Lemma 9. Let p be a prime and let φ j ∈ F p [X, Y, Z] be defined by (8) .
Then φ p k +1 is square-free.
Proof. Write
Then φ p k +1 divides ψ. We show that ψ is square-free, for which it is sufficient to show that all of the following conditions are satisfied:
• X ∤ ψ. These conditions are readily verified.
We now prove Proposition 7, using an idea of Delgado and Janwa [5] .
Proof of Proposition 7. Suppose that f is exceptional planar. Then G, defined in (7), is not absolutely irreducible by Lemma 4. Suppose further that p ∤ e and p ∤ e − 1. We show that this leads to a contradiction.
We may write
where P i and Q i are zero or homogeneous polynomials of degree i, defined over the algebraic closure of F p n , and P s Q t is nonzero. Since G is not absolutely irreducible, we may also assume that s, t > 0. Write
where a p k +1 = 1 and recall from (9) that
where the φ j 's are defined in (8) . Notice that the degree of φ j is j − 2 and thus, since a p k +1 = 1, the degree of G is p k − 1. Hence s + t = p k − 1 by (10).
From (10) and (11) we find that
Therefore, by Lemma 9, P s and Q t are coprime. From (10) and (11) we also find that
since φ p k = 0. Hence P s divides P s−1 Q t and so P s divides P s−1 , which by a degree argument implies that P s−1 = 0. Likewise, we see that Q t−1 = 0. Now, by the assumed form of f , we have (13) a j = 0 for each j ∈ {p k , p k − 1, . . . , e + 1}.
Since P s−1 = Q t−1 = 0, we have from (10) and (11)
If p k −1 ≥ e+1, the right hand side equals zero by (13) and, by an argument similar to that used above, we conclude that P s−2 = Q t−2 = 0. We can continue in this way to show that
Hence, by invoking (10) and (11) again, we have
If Q e−s−2 = 0, then Q t divides φ e and also φ p k +1 by (12) . This contradicts Lemma 8 (ii). Likewise, we get a contradiction if P e−t−2 = 0. Hence we may assume that P e−t−2 and Q e−s−2 are both nonzero. From (12) and Lemma 8 (i) we find that
Hence X − Z divides P s (X, X, Z) and Q t (X, X, Z) and thus X − Z also divides φ e (X, X, Z) by (14) . From (15) we then see that φ e (X, X, Z) and φ p k +1 (X, X, Z) share the factor X − Z, which contradicts Lemma 8 (ii).
The even characteristic case
In this section we prove Theorem 2. Let q be a power of 2, let f ∈ F q [X], and let F (X, Y, W ) be the polynomial defined by (6) . We consider the polynomial F (X, Y, Z + X), namely
Then f induces a planar function on F q r if and only if all F q r -rational zeros of H satisfy X = Y or X = Z.
The following lemma is our counterpart of Lemma 4 in even characteristic.
Lemma 10. Let q be a power of 2, let f ∈ F q [X], and let H be defined by (16) . If H has an absolutely irreducible factor over F q , then f is not exceptional planar.
Proof. Suppose that H has an absolutely irreducible factor over F q . Then, as in the proof of Lemma 4, the number of F q r -rational zeros of H is q 2r + O(q 3r/2 ). We show below that H is not divisible by X + Y or X + Z, which implies that, for all sufficiently large r, the polynomial H has F q r -rational zeros that do not satisfy X = Y or X = Z, and so f does not induce a planar function on F q r . By symmetry, it is enough to show that H is not divisible by X + Y . Suppose for a contradiction that H is divisible by X + Y . Then the partial derivative of (X + Y )(X + Z)H(X, Y, Z) with respect to Y , namely
must be divisible by X + Y . This forces f ′ (X) = X + c for some c ∈ F q , which is absurd since q is even.
We now prove Theorem 2.
Proof of Theorem 2. Write f (X) = 
